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Power-Law Falloff in the Kosterlitz—Thouless

Phase of a Two-Dimensional Lattice
Coulomb Gas
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We give a rigorous proof of power-law falloff in the Kosterlitz-Thouless phase
of a two-dimensional Coulomb gas in the sense that there exists a critical
inverse temperature § and a constant @ >0 such that for all §>f and all
external charges ¢ € R we have G,(x) < C/|x|®"", where G,(x) is the two-point
external charges correlation function, » =dist(¢, Z), and C=C(f, 7)< oo for
7=dist(¢{, Z—{0})>0. In the case of a hard-core or standard Coulomb gas
with activity z, we may choose f§ = f(z) such that §(z) — 24r as z\0.

KEY WORDS: Coulomb gas; Kosterlitz—Thouless phase.

1. INTRODUCTION

A two-dimensional (lattice) Coulomb gas is a system of classical particles
with electric charges + 1, whose possible positions range over a finite array
of sites 4 = Z? interacting via a two-body Coulomb potential.

A configuration of the gas is given by a function ¢, = {g(x)}.., with
values in Z, g(x) being the total charge concentrated at x. To each
configuration we associate a Boltzmann factor 790 where B is the
inverse temperature and E{(q ,) is the total electrostatic energy,

E(q)=5{q4 (—4) " g,

where 4 is the finite-difference Laplacian on Z? (we take “free” boundary
conditions) and ¢, was extended to Z? by g(x)=0 for x¢ A.
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The equilibrium state of the system is defined by the usual Gibbs
measure du , on the space of all configurations on A, given by

dui(qa)=2Z,"e P20 [] di(q(x))

xea

where

Z,=[ e 0 [T difq(x))

xeA

is the partition function. Here dA, the “a priori” distribution, is a positive
(not necessarily finite) measure on Z.

Notice that the measure du , is concentrated on the neutral configura-
tions, i.e., Y., 4 q(x)=0, since E(g,)= oo if ¢, is not neutral.

A thermodynamic limit as A4 » Z? can always be constructed by a com-
pactness argument.

The usual “a priori” distribution 44 have densities 4 given by:

1. The hard-core gas:

1 q=0
Mg)=<2/2 g=+%1
0 otherwise

where z >0 is called the activity.
2. The standard gas:

1

2n
Mq)==— j % cos g@ dO, qel
21 0

with activity z > 0.
3. The Villain gas:

AMg)=1 forall geZ

More generally, we will always require A to satisfy:

(a) Ag)=A(—q).
(b) |A(g)] < Ce*” for some v 0.

Such A will be called typical.
We will be interested in the behavior of the external charges correla-
tion function defined by

Gé,A(x) = Zéél/(lx)
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where
ZCA(X):Je*ﬁ’E(tlA+§(5o—5x)} I dMa(»))

yed
and {eR. By G;(x) we will denote a thermodynamic limit.
Using Jensen’s inequality in the g variables, it is not hard to see that‘"

Cop.z
¢ = |x]| BEY2r

(1.1)

for some 0 < Cy . < 0.
When screening occurs (e.g., at high temperature) Brydges and
Federbush® and Yong® have shown that

G:(x)—->L>0 as  x— o0

exponentially fast.

Frohlich and Spencer® established the existence of a Kosterlitz—
Thouless transition from a high-temperature phase to a low-temperature
phase characterized by scaling and power-law falloff of correlations. They
proved that, for f sufficiently large, Debye screening does not occur and

C
Gé(x)§|—xv (1.2)

where "= p'(p, &), with lim, ,  f'= co.

Frohlich and Spencer reduced the study of a general Coulomb gas to
the study of the hard-core-type Coulomb gas. For such they proved that
{see Section 5.1 in ref. 3)

Gi(x)< (1.3)

P

for B> b/cn?, where n=min(é, 1 — &) and 0< &< 1.

In this article we prove a power-law falloff for G.(x) with the same
functional dependence on f§ and the fractional part of ¢ as the lower bound
{1.1}. The critical  above which we get power-law falloff is independent of
the external charges 4 ¢ We also show that for the hard-core or standard
Coulomb gas this critical f is at most 24x in the low-activity limit. More
precisely, we have:

Theorem 1.1. Suppose the a priori distribution 4 is typical. Then
there exist f= (1) < oo and @ = @(4)> 0 such that for all #> f we have

G.(x) SW
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for some C=C(f,7), where p=dist({, Z) and g=dist(¢, Z—{0}),
and C,(f)=sup,.,<; C(B,7)<oo for any y>0 and f>p, with
limg , , C,(f)=1.

Theorem 1.2. For the hard-core or standard Coulomb gas with
activity z, we may choose = f(z) in such a way that f(z) - 24 as z\0.

Our proofs use ideas developed for the hierarchical model by
Marchetti and Perez**) combined with the main ingredients of the
Frohlich-Spencer proof. As in ref. 3, expectations in the two-dimensional
Coulomb gas are written as convex combinations of expectations in diluted
gases of neutral multipoles of variables sizes and falloff is extracted from
charged multipoles by an analytic continuation argument. But our proof is
organized in a different manner, so we avoid their combinatorial estimates
involving many differents scales. In this we were influenced by the work of
von Dreifus,® Spencer,!”’ and von Dreifus and Klein.®

This paper is organized as follows. In Section 2 the partition function
of a typical Coulomb gas is rewritten as a convex combination of regular
partition functions (Theorem 2.3). This is the initial step which gives us the
starting conditions for the inductive procedure presented in Section 3 (see
Theorem 3.1). In Section 4 this inductive procedure is modified to treat the
external charges partition function, from which we extract the power-law
falloff (Theorem 4.3). We consider this the most important section in
this work; here we use ideas from the hierarchical approximation.” In
Section 5 we perform the cancellations necessary to show decay for the
external charges correlation function.

2. THE FIRST STEP

Following ref. 3, we start by rewriting the Coulomb gas in the sine-
Gordon representation. In this representation,

Za=| T1 7)) dusgl9) 1)
xed
where duy is the Gaussian measure with covariance B(—4)~", and
Mp)= 3, eAg)
geZ
Similarly,

Ze alx)= [ €050 T] J(g(y) dis(9) (2.2)

ved
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Again following ref. 3, we choose {{,}> | such that ¥

L=
g= i * =g
depending on A{g) in a way to be specified later We write

A(g)=1+2 Z (¢) cos(g¢)

o0

=Y (1420, "Aq) cos(gg))

Thus,
I 7 ZCW [T {1+20,4g(x)) cos[g(x) ¢(x))]}

xeAd xed

where {,, =11.c4{,x) the sum being over all configurations in 4 with
values in N.

We now need to introduce some notation. For x=(x,, x,)€ Z*, we
will write |x| for |x|,=max(]x,|, |xs|). By B(x, L) we will denote the
square in Z? centered at x with side L, ie.,

B(x,L)={yeZ?*|y—x|<L/2}
Now let 4 be a large square centered at the origin; we define
A=4n327
and for ye 4, we let
Bo(y)=B(y,3)

Clearly A=1J,_; Bo(y). Hence, for a fixed g ,,

[T {1+2(g(x))cos[q(x) $(x)1}

xeA

= I [I {1+z(g()) cos[g(u) p(u)1}
ved ue By(y)
where z(g) =2(_ 'A(q).
For fixed ye A we will write the above product as a convex combina-
tion of similar factors corresponding to multipoles of variable size. For that
we will need the following lemma, which extends a result of ref. 3.

Lemma 2.1. Let / be an index set with N elements, and let z, >0,
¢.€R be given for each iel Then,

[TU+zcos¢)= 5 c,[1+2z,cos¢(c)] (2.3)

iel age¥(l)
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where ¥(I)= {6:1— {0, 1, —1}; ¢ not identically zero},

$(o)= Z 0P,
and
zp=[] (bsz)"" (24)

where b, is a constant depending only on N such that

N
0 <— :
<b, Tog 2 (2.5)
and
0<c,, Y c,=1
ce%(l)
Lemma 2.1 is proved in Appendix A.
So, let y € 4; by the lemma,
[T {1+z(gw)coslq() pu)1}= 3 ¢, [1+2,co86(p,)]
we By(y) oy € G(Bo(y))
where
po(u) =0, u) q(u)
¢lp)= Y @) p()
u€ Bo(y)
and
. N [ 9 I ()]
<z, < z(u)] (2.6)
" uemyy L1082

Thus, Z, can be written as a convex combination of partition func-
tions of the type

Zi=| T1 [1+2,c08 ¢(p,)] duy(9) (2.7)

yeAa
where p,: Bo(y) = Z, and
0<Zy< H [LM:\ (2.8)

ue Bo(y): lOg 2 pr(u)
py(u)#0
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We now want to improve the estimate on the activity z, by extracting
a self-energy term as in ref. 3, Lemma 4.2. Here we need a slight extension.

Lemma 2.2. Let p: Z* - R with compact support and let G(¢) be
a functional independent of {#(x); x e supp p}. Then

[ Texp ib(0)1 G(4) duay(9)

—exp | f T o002 [ e b1 Gl o) (29)

where g=p + §4p.

The proof is the same as that of Lemma 5.3 in ref 10 using the
imaginary shift ¢ — ¢+ i1Bp. Just use |4| =8.

We would like to apply Lemma 2.2 to each p, in (2.7). We cannot do
it directly because even if supp p, < Bo(y), supp 5, < B(y, 5/2), but not

necessarily in By(y). If we disregarded this technical problem, applying
Lemma 2 to each p, in (2.7) would give

Zi=[ T1 [1+2,00s (5,)] duy(9)

yed

Wlth ‘:y = Zy CXp[ - 11_6ﬂ Zx p_v(x)z:]'
But since p, and p, could overlap, with y# ), we must do some
contorsions. In each By(y) we pick u, such that

1
P25 Y p )

ue Bo(y)

[recall |By(y) =9].
Let us define the equivalence

y~y’©[uy—uy,[=1

and let Y,,.., Y, denote the distinct equivalence classes. Notice we always
have |Y,|=1,2,3, or 4. For each Y, we use Lemma 2.1 for the p, with
ye Y;, and we define

Bo(Y)={J Bo(»)

yveY;

The end result is that Z; can be expanded as a convex combination of
expressions of the form

[ 1T 01+ 25 cos #(0,)] dug(9) (2.10)
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where supp py < Bo(Y) and

z <<._4_>4 11 [ 9 2/1(PY(74))] 2.11)
Y = I e— .
log 2 ME(B())( " log2 {,,u
oy(u)+#

Now, if Uy={u,, ye Y}, we have d(Uy, Uy)>1if Y#Y'. We can
now apply Lemma 2.2 to each p, restricted to U, in (2.10), obtaining

[T (142, cos[4(5,)1 duey(9)) 2.12)
where
1
£y ={ew| - 170 ) potw? |} 21 (213)
and
ﬁy:py+%A(PY| Uy)
Now, set
(AN 18 M) |, pipras
KO(ﬁ)—(log 2> longzs?E,.__I: , et ] (214)
It follows from (2.11) and (2.14) that
7,<Ko(p) forall Y (2.15)

Moreover, since / is typical, we have limg _, ., Ko(f)=0.

We will always pick p such that Ky(f) < 1.

We now need some definitions. A charge density is a function
p: Z? - R; p is said to be localized on a square B(y, L), or to be a charge
in B(y, L), if

4 _

A weighted charge density is a pair (p, z), where p is a charge density
with an activity z > 0. From now on all our charges will be weighted; we
will write p also for the pair (p, z), and will use z(p) for the corresponding
activity. Notice that (2.12) is written in terms of weighted charge densities
whose activities satisfy the bound (2.15).
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In (2.12) our charges are localized on sets By(Y) that may have four
different shapes. We will rectify this by going to a larger scale L,.

So let L, =3™, where n, is an integer >3, let A" = A L, Z? and let
B,(y)=B(y, L,). We pick a function F: { Y} — A" such that

F(Y)=y=Bo(Y)<= By(»)

Now, for each ye 4" we use Lemma 2.1 to get

[T [1+Zycosg(pr)]l= Y  ¢[1+z(p,)cosd(p,)]

Y:F(Y)=y ceG(F(y))

where 0 <¢,, Y, ¢, =1, and p, is localized on B,(y) with

4\ Ko(B)
<l =L) —=K(L,, 2.16
(< (300) JEE =KL B 2.16)
if K,(L,, p)<1.

Thus, (2.12) can be rewritten as a convex combination of expressions
of the form

[T [1+:z(p,)cos 4(p,)] dixy(9) (217)

yeA(U

where p, is localized on B,(y) and z(p,) < K,(L,, B).
We have thus proven the following theorem.

Theorem 2.3. Let L,=3" with n, > 3. Then, if K,(L,, p)<1, the
partition function of a two-dimensional Coulomb gas can always be
written as a convex combination of partition functions of the form (2.17)
with activities satisfying (2.16).

Equations (2.16) and (2.17) will give us the initial conditions for the
inductive procedure we describe in the next section.

The external charges partition function (2.2) can be treated in a
similar way with some modifications. We postpone it to Section 4.

3. THE INDUCTIVE PROCEDURE FOR THE
PARTITION FUNCTION

Let us fix a>1, #n,23; we set L;=3" and, for £=1,2,3,.,
Ly, 1=3"%4 where n,, ,=[an,].

We set AX=AnL,Z* and define B.(y)=B(y, L) for yeA®;
B.(y)=B(y, 2L,). We will also need BY"(y)= B, (y)n L, Z* for k' <k.

We will always take A to be a square centered at 0, say A = B(0, R),
and we pick N such that Ly_; < R<Ly. Notice that 4" = {0}.

822/60/1-2-10
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Let us fix a scale k, a number >0, and ye A%, A weighted charge
density p = (p, z(p)) is (k, y, t)-admissible if:

(i) p is localized on B.(y).
(i) z(p)<L;"

A collection .4, , ,, of neutral weighted charge densities will be called
a (k, y, r)-sparse neutral ensemble if:

(i) Fork=1, /4, ,=¢.
(ii) For k=2,3,..., we have

J‘/(k,y,r)z[ U J‘/(kl,y',n]u {(p,2)}

yeBf Ny

where (p, z) is localized on B,_,(y') for some y'eBY¥ D(y), with
z<[8/(log2)*1 Ly, and each Af, , , , is a (k—1, ¥, r)-sparse neutral
ensemble.

Given Ay , ), let

F( N yry> #) = H [1+2z(p)cos d(p)]

PE N,y

Given a scale k, a (k, r)-regular charge assignment is a collection
{Nayry (Pys2,)} a0 where each A, is a (k, y, r)-sparse neutral
ensemble and each (p,,z,) is a [k, y,r+2(x—1)]-admissible charge
density.

A (k, r)-regular partition function is a partition function of the form

Z(k,r)=f [T F(Neyn; $)TL+2(p,) cos ¢(p,) T dugd)  (3.1)

yeAk

where { A , ), (p,,2,)} is a (k, r)-regular charge assignment.

In this language, Theorem 2.3 just states that for a choice of
parameters such that K (L, f)< L[ "2~ 1) the partition function Z ,
given by (2.1) is a convex combination of (1, )-regular partition functions.

In other words, Theorem 2.3 gives the initial step in the inductive
procedure of the following theorem.

Theorem 3.1. Let 32<a<2, 2a(a—1)/(2—a)<r<fé/2—2a,
with 6 "' =8+ O(L3~*). Suppose K,(L,, f)<L; " +2==1) Then, if L, is
large enough, the Coulomb gas partition function Z , can always be written

as a convex combination of (k, r)-regular partition functions for any
k=1,2,..,N.
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In view of Theorem 2.3, Theorem 3.1 follows from the following result.

Lemma 3.2. Leta, r, L, be as above. Let k=1,2,..., N—1. Then,
if L, is large enough, any (k, r)-regular partition function can be written as
a convex combination of (k + 1, r)-regular partition functions.

Proof. Let ke {l1,2,.,N—1} and let {A{ ,,), (p,,2,)},c 0 be a
{k, r)-regular charge assignment. Let Z, ,, be given by (3.1).
Given ue A%*+1 we define

‘/‘/(‘k-l—IAu,r): U JV&’E)"J)

ve B ()

Clearly, /17(k +1un 18 @ (k+1, u, r)-sparse neutral ensemble and

Zin=| T FFicerum®) T1 [1+2,c08 4(p,)] duy(@)

ue AKk+1) yed®

Using Lemma 2.1, this can be written as a convex combination of
partition functions of the form

[T FWuirwmd) T1 [1+zcosglpd)]dus(d) (32)

we Ak+D ue Ak+D

where each (pF, z*) is of the form

pE= 2 a,p

vedal)

for some o€ 4(AY¥) (1)) and

2 3y layl 2y loyl
zjs[ L (Lews 21 < LI (3.3)
log2\ L, ) L;*t*=~D log2 L},

To propagate our bound on the activities to the next scale, we will
need, in some cases, to extract a self-energy term as in refs. 3 and 10. This
will be done by the following lemma (see Lemma 5.4 in ref. 10).

Lemma 3.3. Let (A1, (PF, 25)}ucsv-n be as above. Sup-
pose that for some uoe A%, p* =p for some y,e BY) (u,) and that

B(yg, %Lk+l)msupp pr=¢ (3.4)
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for all ue A%+ 1 uu,. Then, if «> 3/2, we have, for given x>0,

[es e T Ffyarnmid) T] [1+zf cos glod)] dugl)

ue Ak+1) ue AKk+1)
uF uy

— Y(k) j eii¢(ﬁ:0) H F(n/t/.';k+1,u,)'); ¢)

x ] D2k cos (o)1 dug(9) (35)
uFuQ

where

Lk+1 gﬁxqz<Y(k)< Lk+1 e’ = /26
3L, S0 T\ 3L,

with ¢=0(p¥)=X,cpu pi(y) 7' =[x, L;)] ' =8+0(Li™™) is
independent of k and j% is a charge density localized on B(yg, 1L, 1)

such that Q(5%) = Q(p).

The lemma will be proved in Appendix B

Lemma 3.3 requires (3.4), which may not be true in the situation
where we would like to use the lemma. To avoid this problem, we use
Lemma 2.1 to establish (3.4) for all p} of the form p¥=p, for some
ye B! (u) if it was not already satisfied.

Clearly, that gives (3.2) as a convex combination of expressions of the
same type, but with (3.4) holding, with

p¥=Y 1,p, forsome te% (B, (1))
¥

\ 2 V1 1\
< — .
z Klogz) <log2L;>] (36)

We did not change the A4, ., .
We now consider several cases.

(i) X,lt,/=2. In this case we define A, = ,/Vk+1u, and
notice that (3.6) gives

and

1

r+2(a—1)
Lk+1

N

¥<

if r>20(a—1)/(2—0a) and L, is sufficiently large.

3The proof of Lemma 3.3 can be slightly modified to obtain 6 '=2n+ O(L3~%); see
Appendix B.
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We define (p,, z,) = (psf, z¥)-
(i) >, |r,|=1. Here we must consider two subcases:
(iia) Q(pX)=0. We define Afy. (=N 100U {(pF 22} and
notice that it is a (k + 1, u, r)-sparse neutral ensemble by (3.6).
(iib)  Q(p¥)#0. We define Nes 1 =Nes 1.ury- Now recall cos @ =
1(e’®+¢7'?), and use Lemma 3.3 (here we choose x = §) to replace (p¥, zX¥)
by (p,, z,), where p,=p.; and

L —B(8/2) 1
z, < <—m z¥<

sL) S
if r< f6/2 — 2o for L, sufficiently large.
This finishes the proof of Lemma 3.2 and hence also of Theorem 3.1.

4. THE EXTERNAL CHARGES PARTITION FUNCTION

We now show how to modify the procedure of Sections 2 and 3 to
treat Z,. ,(x) given by (2.2).

So, given xeZ? let us choose N, such that Ly <|[x|<Ly,,.
Without loss of generality, N> 1. We want to prove the analogue of
Theorem 3.1 for Z, ,(x). We start by showing the analogue of Theorem 2.3.
Note that in the same way we obtain the analogue of (2.7),

Z a(x)=[ 005 [T [1+2,c05p(p,) T diglo)  (41)

yed
with the same (p,, z,).

We must be careful, though, when we apply Lemma 2.2. Since
|x] > L,/2, 0 and x do not belong to the same B,(Y). We have, of course,
0 Bo(Y,) and x e By(Y,) for some Y,, ¥ € A. When we apply Lemma 2.2
we must treat p,, and p, differently from the others. If 0e Y, and u, #0,
we do as before. If, however, u, =0, we must apply Lemma 2.2 to both

explig(py,+¢d0)]  and  exp[—ig(py,— Edo)]

The result is that [1+z,, cos ¢(py,)] is replaced by

Yo

Z+ ZYo
{1 + 76Xp[i¢(p w1+ 5 exp[ —ig(p yo)]}

where [see (2.13)]

P;Ozpyo‘l‘féo“‘féo

(4.2)
Py, =Py~ E0o+ by
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and
|
7y, <exp [— mﬁﬂz Y PYO(X)Z]

where the extra factor [compare with (2.14)] comes from

(g &y =i

for =1, n=dist(¢, Z— {0}).
Thus, in any case, (2.12) is replaced by

[ {expLizp(60—0.1} 11 {1+3exp[i¢<p;‘,)]+%exp[~i¢(py}.>]}

y=0,x 2

x [T [14Zyc0s¢(py)] dug(e) (4.3)

Y# Yo, Yx
Zy, p are as in (2.13) for Y#7Y,, Y, pJ;ry, y=0, x, being either as before
or given by (4.2). Notice that Q(p*)=0(p ). I we now define [recall
(2.14)]

Ko(B, &) = Ko(Bir*)
we always have that, for sufficient large f,
Zyp 27, < Ko(B, €) (4.4)

We now go to the bigger scale L,. We pick a function H: {¥Y} — A"
such that:

(i) H(Y)=y=Bo(Y)<Bi(y).
(i) H(Yy) =0 and H(Y,)=x,, where x, € A" and xe B,(x,).

Now, for each ye A" —{0,x,}, we proceed as in Section2. For
u, =0, x, we first apply Lemma 2.1 to

[I [1+zycosg(py)]= Y ¢sL1+2(p,) cos ¢(p,)]
H:H(Y)),=,u1 e G(H ) — { Vi })
£y

with z(p,) satisfying (2.16). We then apply a slightly different version of
Lemma 2.1 to each term of the type shown in the following lemma.

Lemma 4.1. Let (p,z), (p*, z¥) be weighted densities localized on
B(u), with z, z* 20 and Q(p*)=Q(p ). Then

+
[1+zcos¢(p)] (1 +%ei¢(ﬂ+> +Z_2_e—i¢(p)>

z¢ .z L
= c, 14 = gled) L 25 o—iblor)
R

TeEF
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where
F={1=(1,1,):1€{0,1, =1}, i=1,2and 1#(0,0)}, pf=1,p+1,p"

with Q(pf)=Q(p, ) and
zE = (byz)™ (byz* )

where 0<b,<2/log2 and O<c,, > cpxc, =1
The result is that (4.3) is given as a convex combination of expressions
of the form

N -
Je"‘f”j“‘°‘5-*’ 11 (1 +Z_5_ef¢(pb+%_ei¢<p;>>

u=0,x1

x [1 [l4z,c08 ¢(p,)] dug(9) (45)

ve AN {0,x}

where p, is localized on B (y) for ye AV — {0, x,} with
z, < K(Ly, B) (4.5a)

[see (2.16) for definition] and p¥ is localized on B,(u), u=0, x; with

N 2 4 2 , on e .
z;sm<§Ll> Ko(B, &)= Ki(Ly, B, ) (4.55)

Notice that if K} <1, then K; <1.
We have proved the following theorem analogous to Theorem 2.3.

Theorem 4.2. Let L, =3" with n, = 3. Then, if K| <1, the two-
point external charges partition function Z, ,(x) can always be written as
a convex combination of partition functions of the form (4.5) with activities
satisfying (4.5a) and (4.5b).

Theorem 4.2 gives us the initial condition for the inductive procedure
we describe below.

Given ye 4, let y, € A% be such that ye B,(y,).

We use this notation to distinguish those squares which contain the
external charges. So, for k< Ny, y=0 or x, we have y,=0 or x, with
x € Bi(x,), and for k> Ny, y,=0.

A collection & ,, , ,, of neutral weighted charge densities will be called
a (k, y., r, s)-sparse modified neutral ensemble if:

(i) Fork=1,8&,, , =9
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(i) For k=2,., N,,

g(k,yk,r,.y): U '/V(‘k—vl,u,r)Ué&(k—l,yk_l,r,s)u {(pi’zi)}

ye B0
U yk—1

(iii) For k=Ny+1
éd(No-%—l,O,r,s): U MNo,u,r) U éa(No,yNo,r,s)U {(pis Zi)}

ue BRY (0) g =05 Xy
M#O,XNO

(iv) For k> Ny+ 1, we have as in (i1).

Here (p*,z%) is a weighted charge density localized on B, _ (¥ 1)
with Q(p*)=Q(p ) and z* <2*-3/(log2)*-L;°,. The &4 1, ,.rs 152
(k—1, ye_,, r, s)-sparse modified neutral ensemble and each A, ,, isa
(k—1, u, r)-sparse neutral ensemble as introduced in Section 3.

Given &, ,, , ), we define the functional G as follows:

(1) G(éa(l,yl,r,s);¢): 1 for k:1

(ii) We have

G(g(k, _vk,r,s); ¢) = n F(Mk— l,u,r); ¢)

ue BE V00
uF Y-

X G((”@(k—l,yk_l,r,s); y){l + %[Z+ei¢(p+) +z eiilé(p‘)]}

for k< Ny and for k> Ng+ 1.
(ili) For k=Ny+1

G(g(Ng + [,O,r,s); ¢)

= l_[ F(‘/V(.No,u,r); ¢)
ue BYOL,(0)
u;éO,xNO

X[ [T Glbing, wgrs ¢):| (14 1[z7e?P) 477~ )]}

YNg=0,xng

Given a scale k, a (k, r, s)-modified charge assignment is a collection

{'/V(‘k,y,r)’ (pya Zy)}yEA(k)f{O,xk} o {éo(k,y,r,s)’ (p;:a Zyi)}y=0,xk

where for each ye A% — {0, x,}, 4, ,, 1s a (k, y, r)-sparse neutral ensem-
ble and (z,,p,) is a [k, y,r+2(x— 1)]-admissible charge density. For
y=0,%4, 4,5 18 a (K 1, s)-sparse modified neutral ensemble and

(pi.z))is a (k, y, s)-admissible charge.
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A (k, r, s)-regular two-point external charges partition function is a
partition function of the form

Z¢0) = [ {expliggw 1) [ Fhpi d)

ye AR — (0,5}

x [1+2(p,) cos ¢(p,)]
x T1 [W9G(Eu y.rsy; §)

Yie=0,x¢
x (14 3{z;, explid(p;)]1+z,, exp[—ig(p,,)1})] dus(4)
(4.6)

where

{JVEks »ry (p)“ Zy)}yEA(k’f 0,5} Y {éa(k, Vi, ra$)? (pi » Zﬁ)}yk=0,xk

is a (k, r, s)-modified charge assignment; w, is the modified external charge
density which is localized on B,(0) U B.(x,) for k< N, and satisfies

Z wily)= — Z wie(y)=1

ye Bi(0) ¥ € Bi(xy)

and for k> N,, w is localized on B,(0) with Q(w,)=0. The function
W = w5, B, €) is the falloff factor given by

(i) wh=1.
(i1)

L;( 7!35,?2/4 (k—1) (k) Lk 7/2(3”2/5 k—=1)
Wb wio g ——— W= for k=2,.., N
<3Lk1> (3Lk1> > ’

(4.7)
(ili) WO =W for k> Ny+ 1.

In this language, Theorem 4.2 states that, for a choice of parameters
such that we have

1 , 1
KL, p)< S and  Ki(Ly, B, f)<; (4.8)
simultaneously, the two-point external charges partition function Z, , is a
convex combination of (1, r, s)-regular external charges partition functions.
Thus, Theorem 4.2 gives us the initial step in the inductive procedure
for the following theorem.
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Theorem 4.3. Let 32<a<2, 2o(x—1)/(2—a)<r<fdé2—12a,
0<s<min{(l/x)[r—Lps(x—1)n*], iBs7*} with 6~ '=8+O(L]i™™).
Suppose (4.8) holds; then, if L, is large enough, the two-point external
charges partition function Z, , can always be written as a convex-combina-
tion of (k, r, s)-regular partition functions for k=1, 2,..., N.

In view of Theorem 4.2, Theorem 4.3 is consequence of the following
lemma.

Lemma 4.4. Leta, r, s, L, be as above. Let k=1, 2,.., N— 1. Then
if L, is large enough, any (k, r, s)-regular two-point external charges parti-
tion function can be written as a convex combination of (k + 1, r, s)-regular
external charges partition functions.

Proof of Lemma 4.4. (Part A). Let k=1,.,No—1. Let Z{5*) be
given by (4.5). As in Section 3, for all ye A**Y — {0, x, .} we define

=/V(k+1,y,r): U JV(k,u,r)

ueB,({kll(y)
and for y, 1 =0, x,
Blh+ 1, v 1) = U Nty 9 G, ver,s)
ueBﬁflx(,ka)
uF yk

Clearly they are (k+1, y,r) and (k+1, y, ., ¥, s)-sparse neutral
ensembles, respectively, and

285900 = [ {explitgw) 1} T1 Flilger 1ni 9)

ue A%*+1)
w0, Xk 41

x H [14z,cosdlp,)]

yeBE (u)

< 1 [W“”G(émw,,,”;¢)

Yie+1= 0,241

x 11 [1+z,cos¢(p,)]

yeBX (s
Y& Yk

<1+ {z,: explig(p;) 1+ z,, expl — i Vk]})]dua
(4.9)

Using Lemma 2.1 for ue A%* Y — {0, x, ., } and Lemma 2.1 combined with
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Lemma 4.1 for y, ., =0, x,,,, we can write this as a convex continuation
of partition functions of the form

[fexpicgw)]} TT (A s T+ 22 05 p(p3)])

we Alk+D)
w0, X 41

x H [W(k)G((;ﬁlk+l,yk+1,’>5);¢)

Ve+1=0,x;44
+3{z;, expligp;, )1 +2,,  expl—ig(p,, )]1})] dus(9)
where (p¥, z¥) for ue A*+9 {0, x,,,} is given by (3.3) and

+ +
P = TPt T2py,
with
po= 2. 0P,
.VGBLk,)Ll(ka)

V#* Vi

for some a e %(BY) (yi1)— {yi}) and

lzil Il
PR - ) IR
Yk+1 10g2 10g2 Yk

1 1 >y loyl
<) —— —
’ [log 2 L?J

To propagate our bound on the activity, we need to apply Lemma 3.3,
in some cases, to extract a self-energy term. As in Section 3, Lemma 3.3
requires (3.4), which can be established applying Lemma 2.1 to those p*
such that p* = p for some ye B{) (u), u#0, x,,,. Inthecase p =pZ,
we apply Lemma 4.1 to obtain (3.4), but now we notice that the resulting
density p;:  has support on B(y, ., (10/3) Ly, ,)= Bkﬂ(ykﬂ) There-
fore, to say p is locatized on B,(y,) will mean supp p < Bu(yy).

It follows that Z (" r*) can be written as a convex combmatlon of terms
of the form

[{explicgw) 1} TT  F(Hwpn L1 +2, 008 6(p,)]

we Alk+D
uF O, xp 41

X I_I [W(k)G(g‘j(k+],.vk+1,r,s); ¢)

Vi1 =0,xk 41

with

*

x (1+3{z;;, explig(p,,. )1+2,. " exp[—id(p,. )1} dus(é)
(4.10)
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where

{L/V(‘kJrl,u,r)a (pu’ Zu)}ue/l(k*'”~ 10, x6 41}

is a (k+1, r)-regular charge assignment and (p~ ,z1" ) is a weighted
charge localized on B, () with

e 2 |71l 2 4 . |72l
Z00 < [—_log > ZU:I [<—log 2) Zy—k] (4.10a)
and
23 1 2y loyl
|z .
o<\ Torzi iz (4.105)

for some Ueg(Bgck?)hl(yk+l)—— {J’k+1})-
We now consider several cases.

(1) |t4l #0. Define

‘gg(k+ Lyket.rs) = éa(k+ L Yk+1,7,5)

Now we distinguish each factor of

{exp[ilp(w)1} WL+ 3{z;; , explidlp;, )1 +z,, explig(p,,, )1}

In the former we use Lemma 3.3 to replace w, by w,,, =W, and W by
W&+ 1 (here we chose x = n25/4¢?). In the latter factor we notice that (4.7)
and (4.10) give

Wk . L., pon’/a 4
—E" g
W(k+1) Yk+1 < 3Lk ) (log 2)

if s<(1/a)[r — 5B6(x — 1) »*] and L, sufficiently large.
Thus, in case (i) we can replace

5L1:r<LI:jl

{expliép(w)l} [ WU +3{z,;  explig(p ) )]

Yi+1=0,Xp4 |
+ 2z, expl—ig(p;,7 )IN)] (4.11)
by
explid(wi )] I1 WD+ 3{z)  explig(p};, )]

Ye+1=0,xk 41

+ z,,,, exp[—ig(p,, . )1})] (4.12)
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where
Wk
+ + +*
(pJ’k+l’ Z}k+1) <pwc+1’ Z ks W(k+1)>
is a weighted charge density such that

~i — i* v—
Pt = Pyesy * (Wk Wk+1)|Bk?I(J’k+1)

is localized on By, ;(yi ) Notice that Q(5; )= Q(pml)

ii 7,/ =0. In this case p*" = . Here we must consider two
1 Yh+1 pJ’k
subcases:

(iia) Q(p;;)=0. We define
£(k+l,yk+1,r,:):g(k*‘l,ykﬂ,hﬂu{(pyikil’ ;iu)}

and notice thatitisa (k+ 1, y., ,, 7, s)-sparse neutral ensemble by (4.10a)
and (410.b).

(iib) Qf(p,,)#0. We define

Bl 1, yiarirs) = Gl 1y 1ars)

and we use Lemma 3.3 to replace (4.11) by (4.12) where now

(k)
(0,2t )=(p2 .22 —n
p)k+1’ Yi+1 Yk+1? yk+1 W(k+1)
with

~y  _ Er T .
Pt = Pru iwkinH(ykﬂ)i Wk|5k+1(yk+1)

which is a charge density localized on By, ((y.. ) with

+* —5
Zho S Ly

<L ><Bé/4)n2~ (B6/2)(g &P
+ k+1

T S 3Lk

if s <%Boi7* and L, sufficiently large.
This completes the proof of Lemma for k < Ny—1.

Part B. Now, let us assume the assumptions of Lemma 4.4 for
k= N,. By our choice of x, the two modified external charges w,, are
localized on By, (0) so, for ye A™*+ D — {0} we define

Awostnn= U HMugun

No)
“EB%IOOH
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and
g(N0+ L,0,r,s) = U '/V(No,u,r) U g(NO: g r>5)
ue BS{,‘SQ 10) Vg =0, %Ny
u #O,XNO

Clearly they are, respectively, (Ny+ 1, y, r)- and (Ny+ 1, 0, r, 5)-sparse
neutral ensembles. Z{"3"*)(x) can be expanded as previously, except now
Ve+1 =0 is the only different point in A¥°* Y. Thus, it can be written as
a convex combination of terms of the form

[ {expLicdon)]})  TT  F(Hnger, s 9142, 005 6(p,)]

yeANg+ 1)
y#0

X W(NO)G(ga(NoJrLo,r,s); )1+ %{ZJ* eXp[i¢(Po+*)]
+zo exp[—id(pg )1}) dug(d)

where
{J‘/(‘N0+ l,y,r)(py’ Zy)}ye/l“"O*“f {0}

is an (N, + 1, r)-regular charge assignment and (pg’, z{&") is a weighted
charge density, obtained by a simple extension of Lemma 4.1, and given by

+*
0

Py =Tp,+ 1205 + 7310;:,\,0

with 1,=0, £1, i=1, 2, 3, (0, 0, 0), and

Po= 3
N
ye B, 1)
»#0,xnq

for some o € 4(BY°) (0) — {0, xy,}) and

. 3 k3% 3 |72 3_23 |73
) = _- St PRS- =
w0 \[logzz"} [logzz"} [(logz)“z)%]

with z_ satisfying (4.10b).

Notice that we cannot extract any more decay from the external
charges after the scale N,. This makes the estimates on the activities easier
than those considered in Case A, as we show below. We now have the
following cases:
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(i) 7,#0. As in Part A, we define &, 1006 = G+ L0rs) a0d
notice that
2231
zy <—§——-——<L—f

“(log2)* Ly T TR
if s <ir and L, sufficiently large.
(i1) 7,=0. In this case we have to consider three different cases:
(lia) 7, and t3#0. Define &y, 1.0.,.5) as in case (i) and notice that
32.2° 1
S <L
L0 (IOg 2)5 L;;s k+1
if L, is large enough.
(iib) 7, or 13#0 and Q(pg ") = 0. Define @@(No—i—l,o,r,s):g(NoJrl,O,r,s)u
', zE")} and notice that &, 10,5 15 an (Ng+ 1,0, s)-sparse
Py 525 (No+1,0,r,5)
modified neutral ensemble.

(iic) t, or 1;#0 and Q(p;—jVO)aéO.

We define &y, 10,5 as in case (i).
In this case we must use Lemma 3.3 judiciously to propagate the
estimate on the activity. If we have

B(0, 3Lk s 1) N Bixi) = ¢ (4.13)

we apply Lemma 3.3, which gives

+* 3.2 <Lk+1

—(B8/2)7?
Zym<@? —3;> Lios Ly

if s<(B8/2) 7% and L, sufficiently large.
If condition (4.13) is not satisfied, let B(y,, CL,) be the maximal
square, where py'—: is localized, satisfying condition (3.4). By Lemma 3.3,

S 3.3 O\ — (B2
z;, < 4 k_s Y
%41 (Jog 2) 3

This is sufficient to propagate the bound, unless (4.13) does not hold. In
this case we skip the box B,(y,) where the other external charge is
localized and continue applying Lemma 3.3. This gives us

3.22 O\ ~(882)7 L —B3/2
+ < Ls[= k+1 <L
S (log 2)F K <3> <3(C+1)Lk face

if s<(B6/4)#? and L, sufficiently large.
This completes the proof of Part B.
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Part C. For k=Ny+ 1,.., N, we simply repeat the steps of the proof
of Part A, but the estimates go more easily.

5. THE EXTERNAL CHARGES CORRELATION FUNCTION

We are now ready to prove Theorems 1.1 and 1.2. Given x e Z* with
Ly, <2|x|<Ly,4y let A=[—R R]> with Ly <R<Ly, N>N,.
We - pick 3/2<a<2, L, sufficiently large, and define fpp =
inf{feR*:J,(f)#¢}, where

B
J(ﬁ)—<%a—) %—2 ) (5.1)

For > Bpr we now pick r, s>0 satisfying the assumptions of
Theorem 4.3 and define f, as the temperature which, for a choice of
parameters in the a priori distribution A, satisfies the initial condition for
Theorem 4.3 [see (4.8)].

Thus, if we define the critical temperature f= §(4) by

ﬁ_:max{ﬂP.F.a B}

Theorem 4.3 says that, for > f, the external charges correlation function
G 4 «(x) can be written as

Yyes G258 (x)

G,x)= e
4 Zys/ Z(/INOy)
Z(Nrs)(x)
Z d %fNyrs) (52)
yeF
where ¢,, d,>0 with >, ¢,=%,d,=1. For each ye#, Z{"")(x) is an

(N, r, 8)- regular external charges partmon function and Z(ANO’;") is the same
expression with =0,

Our choice for the denominators in (5.2) is important to the cancella-
tions we will perform between the numerators and denominators.

Let us first point out the properties of Z;*) which differ from those
of ZYy) with ¢ #0. Clearly:

(i) The phase term e“*™&) in (4.5) is dropped.
(i) W®=1fork=1,2,.,N.
(iii) And, the most important, for k=1,..., N,

t—p = + o
Py =Py =Py and I T I =n



2D Lattice Coulomb Gas 161

Therefore

1+ 3{z,, explig(p; )]+ 2z, exp[—ig(p, )1} =1+2z, cos é(p,,)

where (p,,, z,,) is a (k, s)-admissible weighted charge density, and the func-
tional G(&n,o,,.5); ¢) is real and strictly positive.

Since the characteristic function of dug(¢) is a strictly positive func-
tion, it follows from (iii) that Z(;>>>1>0 and (5.2) is well defined.

We now notice that the number of modified weighted charge densities
(p*,z*)in x5 15 at most 2N (actually it is at most N + N,). We also
notice the simple bound

L—cLy <1+ {x), explip(p )] +z,, expl —ip(p,) 1} <1+ L
(5.3)

with ¢=2°-3/(log 2)*, which is valid without the modulus when & = 9.
From (4.5), properties (i)-(ii1) above, and (5.3) we have

z

xzfil‘/ér/‘) l—[ 1+ CL W(N) f d,u[i(¢) G(gZN,O,r,S); ¢)

and

205002 1 (= eLi ) | dugl@) G(F o, )

k=1
where EEN,O‘,’S) is the (N, 0, r, s)-sparse neutral ensemble defined by induc-
tion:

(1) For k: 1’ g(l,yl,r,s):¢'
(1) Fork=2,3,.,Ngand k=Ny+2,..., N

Chemern= U HMecrun 8-ty
ue BE D3
U Yiy
and (iii)
Sorrorn= U HMwwn U Evesmgrn
ue B‘”O) {0) Yy ="0,xn
V#OXNO

where each A, ., is a (k—1, u, r)-sparse neutral ensemble as intro-
duced in Section 3.

822/60/1-2-11
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Thus,

L, — 2865%/5 Ly, —2p4Y/5 5
<C <C| —=—— < C x|~
U (5=) 5+ .

This completes the proof of Theorem 1.1.

Z(N ¥,5)

J Zye )]
4,0,y

Now let us restrict our attention to the hard-core and standard gases.
In these models the initial condition for Theorem 4.3 can be satisfied by
simply taking the activity z sufficiently small and this implies f= fipr.
From (5.1) the critical temperature is given by

4o >_1_2_
0(2—a) o
Theorem 1.2 follows if we choose the best estimate for 6 !=

21+ O(L3~*) and notice that a can be chosen arbitrarily close to 3/2 and
L, can be chosen arbitrarily large, taking z arbitrarily small.

B=

APPENDIX A. PROOF OF LEMMA 21

We have
N
[T A+z;cosg)=1+ ) > Zy 2, COS @y - COS P, (A.1)
iel n=1 {i{fel}z=l_
iLF s - #iy
Using
cos ¢i1 cos ¢i2'”COS ¢in= Z 21,, COS(G,1¢ e +O—i,,¢in)
{oy= 11}y

(A.1) can be written as

1+ 3 H(%)Jllcosqﬁ(a =1+ 3 n<2b >|ailzacos¢(¢7)

ce¥%{l) iel ce¥(l) iel
(A.2)

where (I)= {o: 1> {0, +1, —1}, ¢ not identically zero},

#(o)= Z 0.9
Zo= H (bz,)!

In the expression (A.2) we multiplied and divided each term in the
sum by [],.,b)", with b, to be fixed below.
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Hence,
1 (1+z,cos ¢;)= Y c[l+z,cos ¢(o)]
iel ceg(l)
since ¢, =[], (1/2b,)'"" satisfies
Y e,=1 (A3)
ge%(])

The above equations determine uniquely the constant b,, i.c.,
O AN Y
1= —={1+—] =1
z () 7=(1+5)

N
b,

or

1n2=N1n<1+51—><

7

which proves the lemma.

APPENDIX B. PROOF OF LEMMA 3.3
Suppose for simplicity that p¥* =p& is localized on B,(0). By

10
hypothesis, supp p¥ N B(0, 3L, ,,)=¢ for all ue A%+, u 0, and we pick
ny<D<n,,  —1L _
For each density p,e A0, let B,(y) be the box where p, is

localized, with

n,=inf{neN:supp p, < B,(3)}

and let us introduce the scarce set K,(0) < B, , (0) given by

Kp(0)=|J B, (y)
yeBr1(0):
Pye N4 1,0,r)

Now we define the equivalence
y~y' =B, B, (y)#¢

and let Y,,.., Y, denote the distinct equivalence class.
Clearly, K;(0) can be written as the union of the B(Y,), t=1,.., P,
where

B(Y)={J B,(»

yeY,
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We have (see the definition of sparse ensembles .A4")
B(Y)< B, . (7)=B(Y) (B.1)
for some y such that ye Y and n; =max{n,},_y.
Now we pick a real-valued function on Z? given by
[ 3P L,
g for |jl<3
3P L, b
NV={¢ lo - for —=<|jlIs<—+ B2
Sl =1 log 5 ~<lil<5 (B2)
D
0 f | >—
or |l >3

and define the function

. j if B(Y,
Loyl i e B
fk(yt) if je (Yt)’ t=15'"7P

In order to prove identity (3.5), we perform the following complex
shift in the ¢ variable:
¢ —¢'=¢+iPrgf,

where x is a parameter to be chosen later and g = Q(p§).
Clearly [see (3.4)]
¢'(pr)=o¢(p¥) for u#0

and because of the neutrality of all pe 4, ,, and definition of f,
F(/‘7(k+ L 8')= F(=/V(k+ Lurys ), Yu eAkry

Thus, the only terms affected by the shift are

o' (03) — oi#(03) o —Brafiled)

30 — Brg?
= ™#(pd) <_>
L,

and
dﬂﬂ(¢/) - d.“ﬁ(¢) oM7) g B4 fis — Afi012
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Define p§ = p& + xq(4f,); Lemma 3.3 follows if

D

A A 3
0< (fi, —4fi)<dlog—
Ly

for some constant § < oo,
We notice that

(fir =4/ < (fir = Af )+ E (B.3)

with
=Y Y )= Sfdi)P
t=1 jedB(Y)

where by 0B we mean the boundary of the box B.
The first term of the rhs of (B.3) is given by

302 3P
=4 Y 2iln < ><1 ( )
J=Li/2 Ly
At this point we could replace 8 by 2n if we had used the usual
Euclidean norm instead the sup norm in (B.2).

We estimate the second term as follow: Let us decompose
B35(0)\B,(0) in mutually disjoint, concentric regions:

Byw(0)\B(0)= ] B3(0)\Bs-:(0)

n=ni+1
D
= U A,(0)
n=np+1
and use the bound
. . 2 .
Ifk(J+1)—fk(J)|<3,,,1 for jeA,0)

Thus (for details see ref. 10)
D 4 2
E< Y Y 4.3%m+D <T1_)>
n=m+1 1y Ay 3 "

To perform the summation in ¢, we divide {B(Y,)} into subsets according
to its scale. Now we notice that (see definition of A"):

N =card{Y,; B(Y,)= A, and m<n, <m+ 1} <322
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Therefore

D ©0
E<16-3° Y Y 30-2m_16.35D_n, —1)CLI" >

n=m+1 m=m

with C=C(L,,x)—> 1 as L; — 0.
We conclude Lemma 3.3 by taking 6 ' =8+ 16-3°CL3 2

Note. After the completion of this work we received ref. 11, which is
also concerned with the two-dimensional lattice Coulomb gases and the
Kosterlitz-Thouless transition.
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